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In this talk, we investigate symmetric jump-type processes on some class
of metric measure spaces with jumping intensities comparable to radially
symmetric functions on the space. A typical example is the symmetric jump
process on Rd with jumping intensity
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where ∫ is a probability measure on [α1, α2] ⊂ (0, 2), and c(α, x, y) is a jointly
measurable function that is symmetric in (x, y) and is bounded between two
positive constants. We establish parabolic Harnack principle and derive sharp
two-sided heat kernel estimate for such jump-type processes.

Framework and Results.
Let (F, ρ, µ) be a metric measure space. Assume that F is locally compact
and separable, ρ is the metric, and µ is the Radon measure. Assume further
that B(x, r) is compact for all x ∈ F, r > 0.

We assume the following uniform volume doubling condition: there exists
strictly increasing function V : R+ → R+ such that there are c1, c2 > 1 so
that V (0) = 0, V (2r) ≤ c1V (r) for all r > 0 and

c−1
2 V (r) ≤ µ(B(x, r)) ≤ c2V (r) ∀x ∈ F, r > 0.

Let

E(f, f) =

Z Z

F×F

(u(x)− u(y))2J(x, y)µ(dx)µ(dy),

where J(x, y) ≥ 0 is symmetric measurable.
We assume
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, (1)

where f ( g means c1f ≤ g ≤ c2f . Here φ : R → R+ is strictly increasing
and there exist 0 < β0 ≤ β <1 and 0 < M <1 such that

c1(
R

r
)β0 ≤ φ(R)

φ(r)
≤ c2(

R

r
)β 0 < ∀r < R. (2)

φ(r)

r2

Z r

0

s

φ(s)
ds ≤M ∀r > 0. (3)

1



Proposition. Let D(E) := {f ∈ C0(F ) : E(f) < 1} and F := D(E)
E1

.
Then, (E ,F) is a regular Dirichlet form on L2(F, µ).

In the following, we assume the following: there exists a metric space X ⊃ F
such that ρ(·, ·) can be extended to X with dilation for F .
I.e. for every x, y ∈ F and every δ > 0, we have δ−1x, δ−1y ∈ X and

ρ(δ−1x, δ−1y) ( δ−1ρ(x, y). (4)

Main Theorem. Under (1), (2), (3) and (4), there exists a continuous
heat kernel pt(x, y) for (E ,F) such that
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for every t > 0, x, y ∈ F , where φ−1 is the inverse function of φ.

Remark. One can rewrite

Φ(t, ρ(x, y)) :=
1
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∧ t
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=
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=

(
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V (φ−1(t)) if φ−1(t) ≥ ρ(x, y)
t

V (ρ(x,y))φ(ρ(x,y)) if φ−1(t) ≤ ρ(x, y).

Examples. 1) [α1, α2] ⊂ (0, 2), µ: probability measure on [α1, α2]

φ(t) :=

Z α2

α1

tα ∫(dα).

2) [α1, α2] ⊂ (0, 2), µ: probability measure on [α1, α2]

φ(t) :=

µZ α2

α1

t−α ∫(dα)

∂−1

.

Especially, 0 < α1 < · · · < αn < 2,

J(x, y) =
nX

k=1

ci(x, y)

V (ρ(x, y))ρ(x, y)αi
,

where c−1 < ci(x, y) = ci(y, x) < c.
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